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ABSTRACT

By substituting the general equation of state for any gas, P = T%'(v) —4 (v) —F(v, T)
in the thermodynamic equation, Tds =dg+ pdv, and by applying the principle of exact
diR'erential, the following general equations of energy and entropy have been obtained,

g = 4(v)dv + F —T BFAT dv + e(T)
l

s %(v)dv — BF AT dv + P(T).

The values of e(T) and p(T), both arbitrary functions of temperature, are found to be

n'(T) dT
C(T) = dT + const = c~—+ k2,

T T

where c =heat capacity of the gas at constant volume and at infinite dilution. The
equations are applied to a perfect gas as well as to gases obeying van der Kaals'„
Clausius' and Dieterici's equation of state and are found to give results in agreement
with those obtained from other thermodynamic equations.

'PHILLIPS, by employing the characteristics of exact differentials, showed
that both the energy and entropy of a Quid are the sum of a function of

volume and a function of temperature, if its equation of state belongs to
the type,

P = ~+(v) —~(v),

in which p is the pressure, T the temperature of the fluid, 4'(v) and 4(v) are
functions of volume. Eq. (I), however, is not general enough. Beattie and
Bridgeman' pointed out that practically all the equations of state can be
generalized in the form

p = Tk(v) —C(v) —F(v, T)

where F(v, T) is a function of volume and temperature. The purpose of the
present paper is to And the general equations of energy and entropy of any

PhillIps, Jour. Math. and Phys. , M.I.T. 1) 42 (1921).
' Beattie and Bridgeman, Proc. Am. Art. Sci. 53, 231 (1928).



fluid belonging to type (2), and the method of derivation is essentially an ex-
tension of that of Phillips.

ENERGY EQUATION

From thermodynamics we have

(3)

in which I and s are the energy and entropy of the substance. Combining
with Eq. (2) we get

dl c(.) +z——ds + %(v)dv- dp=0
T

where F= F(v, T) for short
As the result of straightforward calculation we have 6nally

OF
si = jt C(v)dv+ I & —T dv+ n(T).

OT

(4)

(5)

ENTRoPY EQUATIoN

By combining Eqs. (2) and (3), we get

dl —Tds+ [T%'(v) —C(v) —F]dv = 0.

Proceeding as before, we And

s= Ovdv — dv+P T.

DErERMtwxnoN oF rx(T) HAND P(T)
The relation between n(T) in Eq. (5) and P(T) in Eq. (7) can be easily

derived. From Eqs. (5) and (7) we get

OF (' O'F
dl = C(v) +F —T dv —

lf T dv —n'(T) dT
OT J OT'

OF O'F
ds = %(v) ——dv — dv —P'(T) d T.

OT OT

Substituting these values of du and ds and that of p in Eq. (2) in Eq. (3) and
collecting terms, we get

TP'(T) = ~'(T)
or

p vi'(T)
P(T) =

jl dT + const.

In the determination of a(T), the energy equation presents no difliculty, but
in the case of P(T), the integral of the entropy equation becomes infinite at
the lower limit because of the presence of a term ln v or ln(v —b). In the pres-
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ent method n(T) is evaluated from the initial condition, while P(T) is found
from Eq. (29). A common method' of finding n(T) is to assume that at in-
finite dilution (i.e. , v=' ~) the gas approaches the perfect state

and Eq. (11) gives

(12)

(13)

where c„„is the heat capacity of the gas at constant volume and at infinite
dilution, and k& and k2 are arbitrary constants.

APPLICATION TO SOME EQUATIONS OF STATE

1. Perfect gas:

Referring to Eq. (2), we see

R
4(v) = —i C(v) = 0, F(v, T) = 0.

Eqs. (5), (7), (12), and (13) give

u = o.(T) = c„T + ki

s = R ln v + c, ln T + kg

in which c„=c„„for perfect gas.
2. van der Waals' equation:

RT ap=—
v —b

Here
R

+(v) = — )
v —b

C(v) = —F(v, T) = 0.
p2

Assuming c,„ to be independent of temperature, Eqs. (5), (7), (12), and (13)
give

9I= ——+c. &+&~
8

s = R ln (v —b) + c„„ln T + k2.

3. Clausius' equation4

RT cp=
v —a T(v +', b)2

See, for instance Schaefer, Einfiihrung in die Theoretische Physik, Walter de Gruyter and
Co., Berlin, 1929, Band II p. 189; van der Waals-Kohnstamm, Lehrbuch der Thermodynamik,
Verlag von Johann Ambrosius Barth, Leipzig, 1908, 1. Teil, p. 44.
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Here
R C

@(v) = —
~ C(v) = 0, P(v, T) =-

v —a T(v + b)'

The same set of equations gives

2C
2i = —— + I) c,,.~d7 + bi

T(v + b)

C c„~dT
s = R ln (v —a) —— —+ —" + b2.

T'(v + b) T

4. Dieterici's eqnation'
RT

p e
—a/v gl

v —b

which, on expansion, becomes

RT 8 0
p —+— + ~ ~ ~

v —b v(v —b) 2RTv'(v —b)

Taking only the first three terms and referring to Eq. (2) we find

R Q

e(v) = —— ~(v) =-
v —b

'

v(v —b)

Eqs. (5), (7), (12), and (13) give

F(v, T) =—
2RTv'(v —b)

b b'RT
v —b

ln
8

+ JIc„„dT+ki
bRTv

g 2

s = Rln(v —b) ———ln
2b'RT'

v —b a' Cv

+ + k2.
v 2bRT'v T

The above results are checked by integrating the. following thermodynamic
equations, after substitution of the values of (Bp)BT)„and p in each equa-
tion of state

Eqs. (5) and (7) can be applied to any other equation of state, but the above
examples are sufficient to show their usefulness.

Dr. D. Sun of the Department of Mathematics gave most valuable as
sistance for which the author is grateful.

4 Clausius, Wied. Ann. 9, 337 (1880).
' Dieterici, Wied, Ann, 69, 685 (1899).


